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Abstract-The title problem is analyzed by the use of the continuous distribution of dislocations in the
framework of plane elastostatics. A set of singular integral equations for the dislocation density is readily set
up, whose solution is obtained in the form of the product of the series of Chebyshev polynomials of the first kind
and their weight function, The variation of the stress intensity factor due to the geometrical configuration and
the material combination is shown in graphs, The probable angle of crack growth due to Erdogan-Sih criterion
for brittle materials is also shown,

I, INTRODUCTION
The structural strength of composite materials is dependent to a considerable extent on the size,
shape and orientation of flaws which exist in the medium, Thus in designing with the composite
materials, it is necessary to have a good estimate for the stress state caused by these flaws, which
may generally be idealized as plane cracks,

Recently the singular stress field around a crack located near a bi-material interface were
evaluated in a series of papers [1-6]. The elastic interaction of a surface layer and a crack in a
semi-infinite medium under tension has been studied under the simplification that the surface layer
is supposed as a membrane [7] or a beam [8] and the crack is perpendicular to the surface.

The primary interest of this paper is in the evaluation of the disturbed stress field near a crack in
a semi-infinite medium with a surface layer and transmitting a tensile load parallel to the surface.
We will assume that the location and orientation of the crack with respect to the interface is
arbitrary and the problem is one of plane elastostatic states. Further the surface layer is supposed
to be an elastic strip of constant width. It may be noted that the companion problem of longitudinal
shear loading has been discussed recently [9].

In order to apply the approach of the continuous arrays of dislocation to the aforementioned
problem, we first derive the complex potentials expressing an isolated edge dislocation in the
composite medium. By replacing the crack by the dislocation arrays, we can readily set up a system
of singular integral equations for dislocation density. Applying the technique developed by
Erdogan[lO], we are able to get the solution, which preserves the essential features of the singular
stress field near the crack and the stress intensity factors are easily evaluated.

Numerical calculations are also carried out and the variation of the stress intensity factor due to
the geometrical configuration and the material combination is shown in graphs. The probable angle
of crack growth based on Erdogan-Sih criterion [I 1] for brittle materials is also shown.

2. STATEMENT OF PROBLEM

Let the homogeneous isotropic elastic medium m occupy the lower half YI < 0 of ZI = XI + iYI
plane and the elastic layer s of uniform width h be perfectly bonded to the straight edge YI = O. The
semi-infinite medium contains a line crack L of length 2a, forming an angle a with XI axis, see Fig.
1. The center 0 of the crack is located at the point Xl = 0, YI = -d. We also use the complex
coordinates Z = X + iy having the origin at the crack center, in which X axis lies along the crack L.
The relation between these two coordinates is given by

(1)

It will be assumed that the composite medium is subjected to a tensile load along X I axis at infinity,

t All correspondence should be addressed to Prof. Osamu Tamate, Faculty of Engineering, Tohoku University, Sendai,
Japan.
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VO
Fig. 1. Configuration and coordinate system.

the surfaces of the surface layer and the crack being free from tractions. Denoting complex
potentials of the semi-infinite medium and the surface layer by <l>m,(ZI), 'I'm\(ZI) and <l>S\(ZI), 'I's,(ZI),
respectively, we can write the boundary conditions of the present problem as:

(a) At infinity IXII~ 00,

(2)

where

8 = rKm +1
K s + 1 '

r+Ks

1) = K
s
+ l' r=~,

/J-m
(3)

/J- being the shear modulus and K the equivalent Poisson's ratio (K = 3 - 40' for plane strain and
= (3 - 0' )/(1 +0') for generalized plane stress). The subscripts m and s refer to the semi-infinite
medium and the surface layer, respectively.

(b) Along the surface Z 1 = Xl + ih,

(4)

(c) Along the interface ZI = XI,

[Km<l>m\(ZI) - <l>m\(ZI) - Zl<1>~I(Z I) - 'I'm\(Z1)]/2/J-m = [Ks<l>s,(z tl- <l>sl(Z tl- Zl<1>~\(Z I) - 'I's,(z 1)]/2/J-s.
(6)

(d) On the rim of the crack Z = X, (Ix I< a),

<I> m(z ) + <I>m(z) + z<I>':'(z) + 'I'm (z) = 0, (7)

where <l>m (z) and 'I'm (z) are complex potentials for the semi-infinite medium in terms of Z and by
the use of eqn (1) they can be obtained by [12]

(8)

Using the conventional superposition technique, we will look for the complex potentials
which satisfy all the conditions (2), (4), (5), (6) and (7).
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3. EDGE DISLOCATIONS IN THE COMPOSITE MEDIUM

In order to apply the dislocation array approach to the present problem, we first derive the
complex potentials for the edge dislocation line running perpendicular to x, y plane through the
point P (x = s, y = 0) on the crack line in the semi-infinite medium with surface layer (see Fig. 2).

y,

0, x,

Fig. 2. Edge dislocation in a semi-infinite medium with a surface layer.

Since z, coordinate of P is -id + sela, the complex potentials expressing the isolated edge
dislocation at P in the infinite body are given by

(9)

where B I is the Burgers vector of the edge dislocation whose slip plane is perpendicular to the
crack line. Starting with these potentials and taking account of the conditions (4), (5) and (6), we
can get the required complex potentials for the edge dislocation at P in the composite
semi-infinite medium in the form

(1) _ /LmB I { e
la

il<l>m,(zd - - ( + 1) + 'd ia7T K m z, I - se

- i100

[b,(m) + imz,al(m)] exp [-im (z, - id - se- Ia )] dm}

(10)

il'l'~',>(z,) = i 7T~:B; 1)r([e,(m) - imz,c,(m)] exp lim (Zl + id - se/
a

)]

+ [Nm)+ imz,d,(m)] exp [-im(z,- id - se-la)j}dm

where
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~(m) = {8 - [8 - 1+ (7) - 1)2mh]e -2mh}[ 7) - (7) - l)e -2mh] +{7) - 82mh - ("1) - l)e -2mh}

X (7) - 1)2mhe -2mh

~2(m) = [7) - (7) _l)e-2mh ]{(7) -I - 7)e-2mh )2m(d - s sin a) - 82mhe-2mh }

+ (7) -l)2mhe -2mh {8 - 1- (7) -l)4m 2h (d - s sin a) - 8e -2mh}

~3(m) = {8 - [8 -1 + (7) -1)2mh]e-2mh }(7) - 1)2mh +{7) - 82mh - (7) _l)e-2mh }

X (7) - 1- 7)e -2mh)

~4(m) = {7) - 82mh - (7) -l)e -2mh}{(7) -1 - 7)e -2mh )2m (d - s sin a) - 82mhe-2mh }

- {8 - [8 - 1+ (7) -l)2mh]e -2mh}{8 - 1- (7) -l)4m 2h (d - s sin a) - 8e -2mh}.

(12)

It is easily shown that the stresses corresponding to these potentials tend to zero for Izd ~OO, so
that they do not disturb the loading condition at infinity.

Similarly, we can obtain the complex potentials for the edge dislocation of Burgers vector B2,

which is located at the point P in the composite medium and whose slip plane is parallel to the
crack line, as

where

a2(m) = -i[e k
• .:ll(m) + e-io< ~2(m )]/.:l(m)

(13)

(14)
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By superposing these potentials, we get the complex potentials expressing the continuous
distribution of edge dislocations on the crack line L in the composite medium. Denoting Burgers
vector of dislocations on the line element ds at the point P by B I(S) ds and B 2(s) ds respectively,
from eqns (10) and (13) we have

(I) ILm fa d {e-1a (id + se-ia)e
ia

'l'mJzd=- ( 1) BI(s) s +'d ia+( +'d ia)21TKm + -a ZII-se ZII-se

(15)

(2) • ILm fa {e-1a (id+se-ia)e ia

'l'm,(Zl) = I ( +1) B 2(s)ds - +'d ia+( +'d la)21T K m -a Z\ I - se ZI I - se

(16)

and corresponding potentials <I>~li(ZI)' 'I'~li(zl) and <I>~~\Zl)' 'I'~~)(zd for the surface layer, whose
expressions are omitted here for brevity. It is evident that these potentials satisfy the boundary
conditions (4), (5) and (6) and corresponding stresses tend to zero for !z.I-Ho. The physical
condition of single-valuedness of displacement vector due to the dislocation arrays on L yeilds

L: Bi(s)ds =0. (i = 1,2). (17)

4. SINGULAR INTEGRAL EQUATIONS FOR DISLOCATION DENSITY

Now we will proceed to the crack problem. Let us consider the following complex potentials

(18)

It is evident that the boundary conditions (2), (4)-(6) are satisfied by the above. Hence the
problem is reduced to the determination of dislocation density B1(s) and B 2(s) by the traction
free condition (7) on the rim of the crack. To this end it is convenient to express the complex
potentials for the semi-infinite medium in terms of Z with the aid of formulas (8). Then
substituting them into eqn (7), we get the following set of singular integral equations

I fl FI(S)dS 1 fl
-:; _I S - X +21T -I [KI(S, X)FI(S) - K 4(S, X)F2(S)] dS = 1- cos 2a

(IXI < 1)

(19)

where the first integrals are understood to be the Cauchy principal value and
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- iL~ alO(g)exp [ig(Xe- ia + i2D - Se ia )] dg

- ie- i2a r= [blO(g)
Jo

K 3(S, X)+ iK4(S, X) = f lZ,o(g) exp [-ig(Xe'a - i2D - Se- ia )] dg

-f a20(Oexp [ig(Xe- ia + i2D - Se'a)] dg

- e- i2a L= [b2o(O

(20)

Here the following substitution is made for normalization

S = s/a, X = x/a, D = d/a, H = h/a, /: = ma, F(S) - 4/Lm B (s)
~ i - (K

m
+ I)uo i ,

a",(g; H, D, S) = ai(m; h, d, s), b",(g; H, D, S) = b;(m; h, d, s).

By substitution of eqn (21), the single-valuedness condition (17) becomes

(i=I,2) (21)

LFi(S) dS = O. (i = 1,2) (22)

The solution of the system of singular integral eqn (19) under the conditions (22) has already been
discussed by Erdogan[10]. Following his technique, we assume the unknown functions in the
form

(23)

where A.(I) are unknown constants and T. (S) are Chebyshev polynomials of the first kind.
Substituting the above into eqn (22) and integrating, we obtain

Ao(i) = O. (i = 1,2) (24)

Substituting eqn (23) into eqn (19) and taking account of the orthogonality relations of Chebyshev
polynomials [13], we finally have the following set of linear equations for the unknown constants

~ [(15k • + c~~)A.(I) - c~':;A.(2)] = (1- cos 2a )15 1k
n=1

(k = 1,2,3, ...) (25)

~

"" [ (2)A (I) (~ (3l)A (2)] • 2 ~£J -Ckn n + Ukn-Ckn n =-Sln aUlk
n =1

where 15kn is Kronecker delta and
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Un (X) are Chebyshev polynomials of the second kind. All the integrals in eqn (26) are of
Gauss-Chebyshev type and may easily be evaluated by using proper quadrature formulas [14].

5. STRESS INTENSITY FACTOR

In the application of the results to fracture problems in composite materials, of particular
interest are the stress intensity factors and the probable angle of crack growth at crack tips.

It is easily shown that in complex potentials in eqn (18), following terms contribute most
importantly to the singular behavior of stresses near the ends of the crack

(27)

By the theorem on the behavior of Cauchy integrals in the neighborhood of the ends of the
path of integration [15] and after some manipulations, we obtain the expression of the ordinarily
defined complex stress intensity factor as

k + 'k = (J'oya ~ (A (I)-'A (2»
lA I 2A 2:::

1
n In,

(28)

where the subscripts A and B correspond to the crack tips A (z = a) and B (z = -a) respectively.
Once the set of algebraic eqns (25) is solved for An(i), stress intensity factors are easily evaluated
by the above equations.

The normal and shear components, k l and k2 , are a measure of the intensity of the stresses
around the crack tip, For instance, the cleavage stress at the crack tip A may be expressed as [11]

(29)

where (r, 1» are the polar coordinates at the crack tip A, 1> being measured from the prolongation
of the crack. Based on Erdogan and Sih criterion [I 1] on the plane of cleavage for brittle solids,
the probable angle 1>0 of crack growth may be postulated as the angle (of the radial plane)
corresponding to the maximum cleavage stress and thus may be determined from

k2A (1 - 3 cos 1>0) - klA sin 1>0 = o. (30)

Hence the angle 1>0 depends on the crack orientation a through the stress intensity factors ratio
k1A lk2A•

6. NUMERICAL RESULTS

In order to show the effect of the surface layer, some numerical calculations are carried out.
Once the geometrical configuration parameters (hId, a Id, a) and materials combination (8, 1'/) are
specified, the system of linear eqns (25) is solved by an approximate method in which only the
first N equations containing only the first N unknowns are taken. In every case, we take the
equivalent Poisson's ratio as K m = K, = 2.

In the calculated results, it is found that the value of N needed to achieve a particular level of
accuracy is strongly dependent on aId. An example is shown in Table 1 which corresponds to the
simple case of a crack perpendicular to the surface of a semi-infinite medium without a surface
layer. This table manifests the values of N which is required for k IA I(J'oya to be correct to the
decimal places, shown in the table, for various values of ald. Isida's resuIts[l6], due to the
Laurent series expansion technique and obtained from the polynomials up to (aldfl are also
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Table I. Stress intensity factors for a crack perpendicular to the free surface of a semi-infinite medium

aid 0.60 0.70 0.80 0.90 0.95

Isida 1.146 97 1.231 85 1. 3RT 5 1. 706 4 2.078
k1Aloo/a

E'Q. (2(:,) 1.148 97 1.237 S, 1. 3R7 ; 1. 70'1 7 2.12J

Isi:J.a 1.077 63 1.107 44 l. '),6 4 l.20_~ 8 1.250
k

1B
lo oia

eq. (26) 1.077 63 1.107 44 ~. ~)+6 4 1. 203 8 1.251

12 11 l5 20 30

shown for comparison. It may be understood that the approximation mentioned above gives
satisfactory results even in the case where the crack tip is quite close to the free surface. The
computation also reveals that the convergence of the series (28) is fairly good in the more general
combinations of parameters.

Figures 3-5 show the effect of the width ratio hId of the surface layer, where the normal and
shear components of stress intensity factor are plotted versus the crack angle (l' for three cases of
width ratio, hId = 0,01, 0·] and ]·0. Here the length of the crack (a Id) and the shear modulus
ratio r are fixed as aId = 0·7 and r = 3. In the case of thin surface layer (hId = 0,01), the normal
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Fig. 3. Stress intensity factors vs crack orientation Cl (r = 3, hid = 0,01, aid = 0,7, Km = K" = 2).
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Fig. 4. Stress intensity factors vs crack orientation Cl (r = 3, hid = 0'1, aId = 0,7, Km = K" = 2).
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Fig. 5. Stress intensity factors vs crack orientation a (f = 3, hid = 1,0, aid = 0,7, Km = K, = 2).

component of stress intensity factor at the crack tip near the surface layer (k1A) becomes larger
than that at the other crack tip (k 1B ) when a is about 90°. If the surface layer becomes thicker
(h Id = 0,1, 1,0), k1A and k IB become smaller and in the case of hId = 1·0 the order is reversed
when a approaches to 90°, Figure 6 corresponds to the case of r = 10, hId = 1·0 and aId = 0·7.
Comparing with Fig. 5, we see that the effect of the surface layer increases with the increase of
the shear modulus ratio. If k1A and klB are equal to aoya for some values of rand h in the case
of a = 90°, the function of that surface layer may be said to be equivalent to the semi-infinite
body of the same material as the matrix, since aoya is the stress intensity factor at the crack tip
in the infinite medium subjected to the tensile load ao which is perpendicular to the crack of
length 2a. Such a surface layer may be called the equivalent stiffner. Figure 7 shows an example
of the equivalent stiffner for the case of aId = O·7 and a = 1T 12.

Figures 8 and 9 show the variation of k1A and k1B due to aId for hId = 0·01 and 1·0
respectively, r being 5. It is readily seen that the effect of surface layer becomes remarkable
when the crack tip comes nearer to the surface layer.

By using the values of k1 and k2, we are able to obtain the probable angles of crack growth <po.
In Tables 2 and 3 the results for the crack tip A are shown for some combinations of parameters.
Here the case of aId = 0 corresponds to that of a single crack in an infinite medium. It may be
seen that the variation of <po due to aId is not so remarkable.
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Fig. 6. Stress intensity factors vs crack orientation a (f = 10, hid = 1,0, aid = 0'7, Km = K, = 2).
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Fig. 7. Width ratio hid vs r for equivalent stiffner (aid =0·7,,, = 90', Km = K, = 2).
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Fig. 9. Stress intensity factors vs crack length ratio aid (r = 5, hid = 1·0, K m = K .• = 2).
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Table 2. Probable crack growth angles <Po for crack orientation and crack length (r = 3)

hid = 0.01

aid

a 0 0.3 0.4 0.5 0.6 0.7 0.8

15° 65.5° 65.6° 65.7° 65.8° 66.0° 66.3° 66.6°

30° 60.0° 59.9° 60.0° 60.1° 60.2° 60.4° 60.6°

45° 53.1 0 53.0° 52.9° 52.9° 53.0° 53.1° 53.3°

60° 43.2° 42.9° 42.8° 42. TO 42.6° 42.1° 42.9°

75° 26.7° 26.4° 26.2° 26.0° 25.9° 26.0° 26.2°

hid = 1.0

aid

a 0 0.3 0.4 0.5 0.6 0.7 0.8

15° 65.5° 65.5° 65.5° 65.4° 65.4° 65.4° 65.3°

30° 60.0° 60.0° 59.9° 59.9° 59.8° 59.8° 59.7°

45° 53.1 0 53.1 0 53.1 0 53.0° 52.9° 52.8° 52.6°

60° 43.2° 43.2° 43.2° 43.1 0 43.0° 42.7° 42.4°

75° 26.7° 26.7° 26.7° 26.6° 26.5° 26.2° 25.7°

Table 3. Probable crack growth angles <Po for crack orientation and crack length (r = 10)

hid = 0.01

aid

a 0 0.3 0.4 0.5 0.6 0.7 0.8

15° 65.5° 65.6° 65.6° 65.8° 66.0° 66.2° 66.5°

30° 60.0° 60.0° 60.0° 60.1 0 60.2° 60.4° 60.6°

45° 53.1 0 53.0° 52.9° 52.9° 53.0° 53.1 0 53.3°

60° 43.2° 42.9° 42.8° 42.7° 42.7° 42.8° 43.0°

75° 26.7° 26.4° 26.3° 26.1 0 26.0° 26.1 0 26.3°

hid = 1.0

aid

a 0 0.3 0.4 0.5 0.6 0.7 0.8

15° 65.5° 65.5° 65.4° 65.3° 65.2° 65.1 0 65.0°

30° 60.0° 60.0° 59.9° 59.8° 59.7° 59.6° 59.4°

45° 53.1 0 53.1 0 53.1 0 53.0° 52.8° 52.6° 52.3°

60° 43.2° 43.3° 43.2° 43.1 0 42.9° 42.5° 41.8°

75° 26.7° 26.8° 26.8° 26.1° 26.5° 26.0° 25.0°
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